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An extension of the time-dependent Hartree-Fock-Bogoliubov theory (ETDHFB) which includes
higher-order effects such as screening of the pairing correlation is proposed. ETDHFB is applied to a
fermion system trapped in a harmonic potential to test its feasability by comparison with the exact
solution. With the use of perturbative expressions for the pairing tensor and the two-body density
matrix derived from ETDHFB, the screening effect is investigated for atomic fermion systems and
isotopes of tin nuclei. It is found that the screening effect on the pairing correlation is not significant.
PACS numbers: 21.60.Jz
I. INTRODUCTION
The study of higher-order effects on superfluidity has
been attracting strong theoretical interests in many fields
of physics including nuclear physics. Many-body ef-
fects that go beyond the Bardeen-Cooper-Schrieffer the-
ory (BCS) may include the medium polarization known
as Gorkov and Melik-Barkhudarov (GMB) correction [1],
the self-energy correction, the vertex correction, and so
on. Most calculations for neutron matter [2–5] and di-
lute Fermi gases [1, 5–7] show suppression of the pair-
ing correlation due to the medium polarization, whereas
studies for finite nuclei treating the medium polarization
as low-lying vibrations give opposite results [8]. Theo-
retical studies on the higher-order effects usually start
from the generalized gap equation [9] which consists of
the particle-particle irreducible kernel and the anomalous
propagator, and higher-order corrections are made for
these quantities. The fact that various approaches give
contradictory results suggests the necessity of a consis-
tent microscopic treatment of various higher-order effects
on the same footing. Monte Carlo calculations [5, 10–12]
and, eventually, exact diagonalisation are certainly con-
sistent approaches but restricted to rather small systems
(and configuration spaces for the latter) and, thus, have
also their limitations. It is, therefore, desirable to de-
velop many body techniques which go beyond the stan-
dard BCS theory in a systematic way and check their
validity for cases where exact solutions can be obtained.
In the present paper we propose an extension of the
time-dependent Hartree-Bogoliubov theory (TDHFB) to
include higher-order effects. We formulate the extended
TDHFB (ETDHFB) using a truncation scheme similar
to that used in the time-dependent density-matrix
theory (TDDM) in the normal-fluid regime [13, 14],
where higher-order reduced density matrices are ap-
proximated by lower-order density matrices to truncate
the Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY)
hierarchy for reduced density matrices. TDDM has
in the past demonstrated its effectiveness in various
applications [14–16] and it can reasonably be assumed
that its extension to the superfluid case will show equally
good performance. The advantages of ETDHFB are that
it has a direct connection to TDHFB and that various
correction terms are expressed explicitly, contrary to
Monte Carlo approaches. To show the feasability of
ETDHFB, we apply it to a fermion system trapped in
a harmonic potential where comparison with the exact
solution can be made. Using perturbative expressions
for the pairing tensor and two-body density matrix
derived from ETDHFB, we study the screening effect on
the pairing correlation for trapped fermion systems and
nuclei of tin isotopes and make contact with earlier work.
The paper is organized as follows. The ETDHFB equa-
tions and the perturbative expressions for the pairing ten-
sor and the two-body correlation matrix are given in sect.
II. The obtained results for the trapped fermions and tin
isotopes are presented in sect. III, and sect. IV is devoted
to the summary.
II. FORMULATION
A. ETDHFB equations
We consider a Hamiltonian consisting of a one-body
part and a two-body interaction :
H =
∑
αα′
〈α|t|α′〉a†αaα′ +
1
2
∑
αβα′β′
〈αβ|v|α′β′〉a†αa
†
βaβ′aα′ ,
(1)
where a†α and aα are the creation and annihilation oper-
ators of a fermion in a time-independent single-particle
state α.
We first consider the equation of motion for the density
matrix nαα′ which is defined as nαα′ = 〈Φ(t)|a
†
α′aα|Φ(t)〉.
Here, |Φ(t)〉 is the time-dependent total wavefunction
2|Φ(t)〉 = exp(−i(H − µNˆ)/~)|Φ(0)〉, where Nˆ is the
number operator and µ is the chemical potential. In
the equation of motion for the density matrix i~n˙αα′ =
〈Φ(t)|[a†α′aα, H − µNˆ ]|Φ(t)〉, there appears a two-body
density matrix ραβα′β′ = 〈Φ(t)|a
†
α′a
†
β′aβaα|Φ(t)〉. We de-
compose it as
ραβα′β′ = nαα′nββ′ − nαβ′nβα′
+ καβκ
∗
α′β′ + Cαβα′β′ . (2)
Here, καβ is the pairing tensor given by καβ =
〈Φ(t)|aβaα|Φ(t)〉. The matrix Cαβα′β′ describes two-
body correlations which are not included through the
pairing tensor. In TDHFB the last term in Eq.
(2), that is Cαβα′β′ , is neglected. Similarly, in the
equation of motion for the pairing tensor i~κ˙αβ =
〈Φ(t)|[aβaα, H−µNˆ ]|Φ(t)〉, there appears a matrix given
by 〈Φ(t)|a†α′aγaβaα|Φ(t)〉. We decompose it as
〈Φ(t)|a†α′aγaβaα|Φ(t)〉 = nγα′καβ − nβα′καγ
+ nαα′κβγ +Kαβγ:α′. (3)
The last term in the above equation is omitted in TD-
HFB. The matrices Cαβα′β′ and Kαβγ:α′ describe higher-
order effects. The equation for the density matrix is now
extended as
i~n˙αα′ =
∑
λ
(ǫαλnλα′ − nαλǫλα′)
+
∑
λ
(∆αλκ
∗
α′λ −∆
∗
α′λκαλ),
+
∑
λ1λ2λ3
[〈αλ1|v|λ2λ3〉Cλ2λ3α′λ1
− Cαλ1λ2λ3〈λ2λ3|v|α
′λ1〉], (4)
where ǫαα′ is given by
ǫαα′ = 〈α|t|α
′〉+
∑
λ1λ2
〈αλ1|v|α
′λ2〉Anλ2λ1 , (5)
and the pairing potential ∆αβ by
∆αβ =
1
2
∑
λ1λ2
〈αβ|v|λ1λ2〉Aκλ1λ2 . (6)
Here, the subscript A means that the corresponding ma-
trix is antisymmetrized. The equation of motion for
Cαβα′β′ is given by
i~C˙αβα′β′ =
∑
λ
(ǫαλCλβα′β′ + ǫβλCαλα′β′
− ǫλα′Cαβλβ′ − ǫλβ′Cαβα′λ)
+ Bαβα′β′ + Pαβα′β′ +Hαβα′β′
+ Sαβα′β′ + Tαβα′β′ . (7)
In order to close the coupled chain of equa-
tions of motion, we approximated the matrix
〈Φ(t)|a†α′a
†
β′a
†
γ′aγaβaα|Φ(t)〉 by antisymmetrized prod-
uct combinations of nαα′ , καβ , Cαβα′β′ and Kαβγ:α′
such as nαα′nββ′nγγ′, nαα′Cβγβ′γ′ , nαα′κβγκ
∗
β′γ′ ,
καβK
∗
α′β′γ′:γ and κ
∗
α′β′Kαβγ:γ′. In Eq. (7) Bαβα′β′
describes the two particle (2p) - two hole (2h) and 2h-2p
excitations, Pαβα′β′ p-p (and h-h) correlations which
are not included in the pairing tensor, and Hαβα′β′ p-h
correlations. The terms in Sαβα′β′ and Tαβα′β′ express
the coupling to καβ and Kαβγ:α′, respectively. The
expressions for the matrices in Eq. (7) are given in
Appendix A. The equation for Cαβα′β′ without Sαβα′β′
and Tαβα′β′ are the same as that in TDDM [14]. Since
the total wavefunction |Φ(t)〉 is not an eigenstate of
the number operator, the couplings to καβ and Kαβγ:α′
appear in Eq. (7).
The equation for the pairing tensor is also extended so
that
i~κ˙αβ =
∑
λ
(ǫ˜αλκλβ + ǫ˜βλκαλ) + ∆αβ
+
∑
λ
(∆βλnαλ −∆αλnβλ)
−
∑
λ1λ2λ3
(〈αλ1|v|λ2λ3〉Kβλ2λ3:λ1
+ 〈λ1β|v|λ2λ3〉Kαλ2λ3:λ1), (8)
where ǫ˜αα′ = ǫαα′ − µδαα′ . The equation for Kαβγ:α′ is
written as
i~K˙αβγ:α′ =
∑
λ
(ǫ˜αλKλβγ:α′ + ǫ˜βλKαλγ:α′
+ ǫ˜γλKαβλ:α′ − ǫ˜λα′Kαβγ:λ)
+ Dαβγ:α′ + Eαβγ:α′ ,
+ Fαβγ:α′ +Gαβγ:α′ . (9)
We approximated the matrix 〈Φ(t)|a†α′a
†
β′aδaγaβaα|Φ(t)〉
by antisymmetrized product combinations of nαα′ , καβ ,
Cαβα′β′ and Kαβγ:α′. The terms in Dαβγ:α′ and Eαβγ:α′
describe the coupling to the pairing tensor and to the
product of three pairing tensors, respectively. The terms
in Fαβγ:α′ describe correlations involving Kαβγ:α′. The
coupling to Cαβα′β′ is contained in Gαβγ:α′ . The matrices
in Eq. (9) are given in Appendix A. Equations (4) and
(8) may be written in matrix form as in TDHFB
i~R˙ − [H,R] = [V ,K], (10)
where in obvious notation
R =
(
n κ
−κ∗ 1− n∗
)
, (11)
H =
(
ǫ ∆
−∆∗ −ǫ∗
)
, (12)
K =
(
C K
−K∗ −C∗
)
, (13)
V =
(
v 0
0 −v∗
)
. (14)
The ETDHFB equation Eq. (4) conserves on average
the total number of particles N =
∑
α nαα as is easily
3shown by taking the trace of Eq. (4). The total energy
Etot
Etot =
∑
α
ǫαnαα
+
1
2
∑
αβα′β′
〈αβ|v|α′β′〉ρα′β′αβ (15)
may be divided into the mean-field energy EMF, the pair-
ing energy Epair and the correlation energy Ecorr given
by
EMF =
∑
α
ǫαnαα
+
1
2
∑
αβα′β′
〈αβ|v|α′β′〉Anα′αnβ′β , (16)
Epair =
1
2
∑
αβ
∆αβκ
∗
αβ , (17)
Ecorr =
1
2
∑
αβα′β′
〈αβ|v|α′β′〉Cα′β′αβ . (18)
To conserve Etot, we need all ETDHFB equations Eqs.
(4), (7), (8), and (9).
B. Perturbative expression
To understand various higher-order effects included
in ETDHFB, we derive perturbative expressions for the
pairing tensor and the two-body correlation matrix and
show how the screening effect is treated in ETDHFB.
1. Pairing tensor
First we derive a perturbative expression for the pair-
ing tensor using the equations of motion of ETDHFB.
Since the F andG terms in Eq. (9) which includeKαβγ:α′
and Cαβα′β′ are of higher order, we consider only the D
term and assume that the single-particle energy ǫ˜αα′ , the
density matrix nαα′ and the pairing tensor καβ are di-
agonal: ǫ˜αα′ = ǫ˜αδαα′ , nαα′ = nαδαα′ and καβ = καδβα¯
where α¯ stands for the time-reversal state of α. The E
term is also neglected because κακβ is small for the p-h
transition where n¯αnβ ≈ 1. Then Eq. (9) is written as
i~K˙αβγ:α′ ≈ (ǫ˜α + ǫ˜β + ǫ˜γ − ǫ˜α′)Kαβγ:α′
− 〈αβ|v|α′ γ¯〉A(n¯αn¯βnα′ + nαnβn¯α′)κγ
− 〈βγ|v|α′α¯〉A(n¯βn¯γnα′ + nβnγ n¯α′)κα
+ 〈αγ|v|α′β¯〉A(n¯αn¯γnα′ + nαnγn¯α′)κβ,
(19)
where n¯α = 1−nα. The stationary condition K˙αβγ:α′ = 0
gives a perturbative expression for Kαβγ:α′ . Inserting it
(a) 
(b) (c) 
FIG. 1. Schematic presentation of higher-order effects: (a)
Screening effect, and (b) and (c) self-energy correction. Lines
depict single-particle states and dots the residual interaction.
into Eq. (8) and using the stationary condition κ˙αβ = 0,
we can write the equation for the pairing tensor as
2ǫ˜ακα ≈ −(1− 2nα)∆α
+ 2
∑
λ1λ2λ3
〈αλ1|v|λ2λ3〉A
×
n¯αn¯λ3nλ1 + nαnλ3 n¯λ1
ǫ˜α + ǫ˜λ2 + ǫ˜λ3 − ǫ˜λ1
× 〈α¯λ3|v|λ¯2λ1〉Aκλ2
+
∑
λ1λ2λ3
〈αλ1|v|λ2λ3〉A
×
n¯λ2 n¯λ3nλ1 + nλ2nλ3 n¯λ1
ǫ˜α + ǫ˜λ2 + ǫ˜λ3 − ǫ˜λ1
× 〈λ2λ3|v|αλ1〉Aκα.
(20)
The second term on the right-hand side can be inter-
preted as a correction to ∆α because it contains the sum
over the pairing tensor as the pair potential does. The
corresponding diagram is shown in Fig. 1(a). We call
it the screening term because a similar process has been
shown responsible for the screening of the pairing correla-
tion [1–3, 6]. The last term on the right-hand side of Eq.
(20) can be interpreted as the self-energy correction to
the single-particle energies 2ǫ˜α because it is proportional
to κα as the term on the left-hand side of Eq. (20). The
corresponding diagrams are schematically shown in Fig.
1 ((b) and (c)). Using the BCS relations
nα = v
2
α =
1
2
(1−
ǫ˜α
Eα
), (21)
κ0α = vαuα = −
1
2ǫ˜α
(1− 2nα)∆α = −
1
2Eα
∆α, (22)
where κ0α is the pairing tensor in BCS and Eα is the
quasi-particle energy Eα =
√
ǫ˜2α +∆
2
α, and expressing
42ǫ˜ακα − 2nα∆α as 2Eακα, we sovle Eq. (20) for the
pairing tensor
κα ≈ κ
0
α +
1
Eα
∑
λ1λ2λ3
〈αλ1|v|λ2λ3〉A
×
n¯αn¯λ3nλ1 + nαnλ3 n¯λ1
ǫ˜α + ǫ˜λ2 + ǫ˜λ3 − ǫ˜λ1
× 〈α¯λ3|v|λ¯2λ1〉Aκ
0
λ2
+
κ0α
2Eα
∑
λ1λ2λ3
〈αλ1|v|λ2λ3〉A
×
n¯λ2 n¯λ3nλ1 + nλ2nλ3 n¯λ1
ǫ˜α + ǫ˜λ2 + ǫ˜λ3 − ǫ˜λ1
〈λ2λ3|v|αλ1〉A. (23)
Inserting the above expression for κα into Eq. (6), we
obtain the pair potential and also the correction to the
pairing energy Eq. (17). The spin state of the single-
particle state λ2 in the screening term of Eq. (23) must
be the same as α¯. Therefore, the screening effect is com-
pensated by the self-energy correction. The effects of the
mean-field contribution and the partial occupation of the
single-particle states are also included through ǫ˜α and the
Pauli blocking factor, respectively.
2. Relation to other perturbative approaches
Next we discuss the relation of our perturbative for-
mulation and the expression used in Refs. [2, 3, 6] to
study the screening effect. The latter is related to the
self-energy Σ1α of the Gorkov Green’s function (see Ap-
pendix B), where
Σ1α =
∑
λ1λ2λ3
〈αλ1|v|λ2λ3〉A
×
nλ3 − nλ1
ωµ + ǫ˜λ2 + ǫ˜λ3 − ǫ˜λ1
〈α¯λ3|v|λ¯2λ1〉Aκλ2 . (24)
We focus on the second term on the right-hand side of
Eq. (20) and neglect for the purpose of discussion for
the moment the last term (the self-energy correction).
Rewriting the numerator of the second term as
n¯αn¯λ3nλ1 + nαnλ3 n¯λ1 =
n¯λ3nλ1 + nα(nλ3 n¯λ1 − n¯λ3nλ1)
= n¯λ3nλ1 + nα(nλ3 − nλ1), (25)
we can express Eq. (20) without the self-energy contri-
bution such that
2ǫ˜ακα = −(∆α +Σα) + 2nα∆
′
α, (26)
where
Σα = −2
∑
λ1λ2λ3
〈αλ1|v|λ2λ3〉A
×
n¯λ3nλ1
ǫ˜α + ǫ˜λ2 + ǫ˜λ3 − ǫ˜λ1
× 〈α¯λ3|v|λ¯2λ1〉Aκλ2 (27)
and ∆′α = ∆α+Σ1α(ωµ = ǫ˜α). If we consider the single-
particle state near µ (ǫ˜α ≈ 0) and assume that the pairing
tensor for the single-particle state around µ dominates
(this means also ǫ˜λ2 ≈ 0), Σ1α is simplified to
Σ1α(ωµ ≈ 0) ≈
∑
λ1λ2λ3
〈αλ1|v|λ2λ3〉A
nλ3 − nλ1
ǫ˜λ3 − ǫ˜λ1
× 〈α¯λ3|v|λ¯2λ1〉Aκλ2 (28)
and Σα is also given by
Σα ≈ −2
∑
λ1λ2λ3
〈αλ1|v|λ2λ3〉A
×
n¯λ3nλ1
ǫ˜λ3 − ǫ˜λ1
× 〈α¯λ3|v|λ¯2λ1〉Aκλ2
=
∑
λ1λ2λ3
〈αλ1|v|λ2λ3〉A
×
nλ3 − nλ1
ǫ˜λ3 − ǫ˜λ1
× 〈α¯λ3|v|λ¯2λ1〉Aκλ2 (29)
In this limit the relation Σα ≈ Σ1α holds and Eq. (26) is
written as
2ǫ˜ακα = −(1− 2nα)∆
′
α. (30)
If Eq. (30) is treated as the BCS equation for κα, we ob-
tain the modified quasi-particle energy E′α =
√
ǫ˜2α +∆
′2
α
and pairing tensor κ′α = −∆
′
α/2E
′
α. The modified gap
equation is written as
∆′α = −
∑
λ
Fα:λ
∆′λ
2E′λ
, (31)
where Fα:λ is given by
Fα:λ =
1
2
〈αα¯|v|λλ¯〉A
+
∑
λ1λ2
〈αλ1|v|λλ2〉A
×
nλ2 − nλ1
ǫ˜λ2 − ǫ˜λ1
× 〈α¯λ2|v|λ¯λ1〉A. (32)
When we further assume that nα = 0 or 1, we arrive at
the perturbative expression of Refs. [2, 3, 6]. For a sim-
ple contact interaction gδ3(r − r′) Eq. (28) always gives
a positive value (screening). The difference between Eqs.
(26) and (30) stems from the difference in the occupation
factors in the numerator between Eqs. (20) and (24).
The occupation factor in Eq. (20) describes a blocking
effect of the ph excitation caused by the existence of an-
other particle. As discussed, this difference may be small
if pairing is concentrated to states close to the Fermi level
(weak coupling).
53. Two-body correlation matrix
Now we consider the corrections to the correlation en-
ergy Eq. (18) which are given by the pertubative ex-
pression for the two-body correlation matrix. In Eq. (7)
the terms in Pαβα′β′ and Hαβα′β′ contain Cαβα′β′ , and
Tαβα′β′ includes Kαβγ:α′ . Therefore, the lowest-order
corrections are from Bαβα′β′ and Sαβα′β′ . The pertuba-
tive expression for Cαβα′β′ obtained using only the terms
in Sαβα′β′ in Eq. (7) is given by
C1αβα′β′ =
1
ǫα + ǫβ − ǫα′ − ǫβ′
× [〈αβ¯′|v|α′β¯〉Aκ
0
βκ
0∗
β′ (nα − nα′)
+ 〈βα¯′|v|β′α¯〉Aκ
0
ακ
0∗
α′ (nβ − nβ′)
− 〈αα¯′|v|β′β¯〉Aκ
0
βκ
0∗
α′ (nα − nβ′)
− 〈ββ¯′|v|α′α¯〉Aκ
0
ακ
0∗
β′ (nβ − nα′)]. (33)
The perturbative expression for Cαβα′β′ obtained from
Eq. (7) with only the Bαβα′β′ is written as
C2αβα′β′ = −
〈αβ|v|α′β′〉A
ǫα + ǫβ − ǫα′ − ǫβ′
× (n¯αn¯βnα′nβ′ − nαnβn¯α′ n¯β′), (34)
which describes the 2p-2h and 2h-2p excitations. The
corrections to the correlation energy obtained from
C1αβα′β′ and C2αβα′β′ are related to the self-energies Σ1α
(Eq. (24)) and Σ2α of the Gorkov Green’s function (see
Appendix B), where
Σ2α = −
1
2
∑
λλ1λ2λ3
〈αλ1|v|λ2λ3〉A
n¯λ2 n¯λ3nλ1 + nλ2nλ3 n¯λ1
ωµ + ǫ˜λ2 + ǫ˜λ3 − ǫ˜λ1
× 〈λ2λ3|v|αλ1〉A. (35)
The self-energy Σ1α describes a correction to the pair po-
tential ∆α, similarly to the screening term in Eq. (23),
whereas Σ2α is a correction to the mean-field potential
as is the case of the normal single-particle Green’s func-
tion. The correlation energy obtained from C1αβα′β′ cor-
responds to the contribution of Σ1α to the total energy
because it is written as
∑
αΣ1ακ
∗
α, whereas the corre-
lation energy obtained from C2αβα′β′ corresponds to the
contribution of Σ2α. The correlation energy obtained
from C2αβα′β′ gives a significant correction to the BCS
total energy in the case of the pairing Hamiltonian [17–
19].
III. NUMERICAL RESULTS
A. Trapped fermions
First we consider a system of fermions with spin one
half, which is trapped in a spherically symmetric har-
monic potential with frequency ω. The system is de-
scribed by the Hamiltonian
H =
∑
α
ǫαa
†
αaα +
1
2
∑
αβα′β′
〈αβ|v|α′β′〉a†αa
†
βaβ′aα′ ,
(36)
where a†α and aα are the creation and annihilation op-
erators of an atom at a harmonic oscillator state α cor-
responding to the trapping potential V (r) = mω2r2/2
and ǫα = ~ω(n+ 3/2) with n = 0, 1, 2, ..... We assume
that α contains the spin quantum number σ. In Eq. (36)
〈αβ|v|α′β′〉 is the matrix element of an attractive contact
interaction v(r − r′) = gδ3(r − r′).
We consider a system consisting of six fermions whose
non-interacting configuration consists of the partially
filled 1p state. Besides a trap with a small number of cold
atoms, our system may correspond to neutrons in carbon
isotopes. For numerical reasons we only can handle a very
restricted spaces and small number of particles, since we
want to compare with exact solutions. Using a limited
number of the single-particle states, the 1s, 1p, 1d and 2s
states, we obtain the ground states in the Hartree-Fock-
Bogoliubov (HFB) theory and the ETDHFB theory (Eqs.
(4), (7), (8), and (9) together with the expressions given
in Appendix A), and compare with the exact solution ob-
tained from the diagonalization of the Hamiltonian using
the same single-particle space. The ground state in ET-
DHFB is obtained using an adiabatic method [20]: Start-
ing from the HFB ground state, we solve the coupled set
of the ETDHFB equations by gradually increasing the
residual interaction g′ = g × t/T . This method is mo-
tivated by the Gell-Mann-Low theorem [21] and has of-
ten been used to obtain approximate ground states [15].
To suppress oscillating components which come from the
mixing of excited states, we must take large T : We use
T = 4× 2π/ω. It has been pointed out [22] that TDDM
with all components of Cαβα′β′ overestimates two-body
correlations and theoretical arguments have been given
that the exclusion of the ph-ph components Cphp′h′ is
more consistent leading to good agreement with the ex-
act solutions of solvable models. Therefore, we discard
the ph-ph components between the 1s state and the 2s
and 1d states.
The total energy calculated in ETDHFB (solid line)
is shown in Fig. 2 as a function of χ, where χ is
given by χ = |g|/~ωξ3 with ξ being the oscillator length
(ξ =
√
~/mω). In the case of nuclei for which ~ω ≈ 10
MeV is applied, C = 5 corresponds to |g| ≈ 400 MeVfm3,
which is similar to the strength of commonly used pair-
ing interactions for nuclei. Both the ETDHFB and HFB
results (dotted line) agree well with the exact solutions
(dot-dashed line). The better agreement of the ETD-
HFB results is due to the contribution of the correlation
energy as shown in Fig. 3, where the sum Epair + Ecorr
calculated in ETDHFB (solid line) is given as a function
of χ. In HFB the pairing energy Epair is shown. In the
exact case the difference ∆E = Etot−EMF is shown (dot-
dashed line). HFB underestimates the correlation energy,
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FIG. 2. (Color online) Total energy as a function of χ calcu-
lated in ETDHFB (solid line). The dotted line depicts the re-
sults in HFB. The exact solutions are given by the dot-dashed
line.
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FIG. 3. (Color online) Sum Epair + Ecorr as as a function of
χ calculated in ETDHFB (solid line). The dot-dashed line
depicts the exact solutions. Epair in HFB is shown with the
dotted line.
which agrees with the results of the pairing model [17–
19] and finite nuclei [18]. The deviation of the ETDHFB
results from the exact values in Fig. 3 suggests that nαα′
and ραβα′β′ in ETDHFB do not completely agree with
the exact solutions. The difference in the total energy is
smaller than that in the correlation energy. This is due
to a cancellation of errors between the mean-field energy
and the correlation energy [18].
The pairing energy Epair (solid line) and Ecorr (dot-
dashed line) calculated with ETDHFB are shown in Fig.
4 as a function of g′/g for χ = 5. The perturbatively cal-
culated correlation energies using Eq. (33) (the green
(gray) dashed line) and Eq. (34) (green (gray) dot-
dashed line) are also shown. The latter has a significant
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FIG. 4. (Color online) Pairing energy Epair (solid line) and
Ecorr (dot-dashed line) calculated in ETDHFB for χ = 5 as
a function of g′/g. The correlation energy calculated using
the perturbative expression for the two-body correlation ma-
trix Eq. (34) is shown with the green (gray) dot-dashed line.
The correlation energy obtained from the two-body correla-
tion matrix Eq. (33) is also shown with the green (gray)
dashed line. The dotted and dashed lines depict the results
of the perturbative approach Eq. (23) with and without the
self-energy correction, respectively.
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FIG. 5. (Color online) Pair potential plus the screening term
∆α + Σ1α as a function of g
′/g for χ = 5. The solid, dashed
and dotted lines depict the results for the 1s, 1p and 1d states,
respectively. The self-energy is calculated at ωµ = −ǫ˜α.
contribution, which is in agreement with the results for
the pairing Hamiltonian [18, 19]. As mentioned above,
the former describes a correction to the total energy
due to the screening effect. In the case of the trapped
fermions it is quite small and plays a role opposite to
screening. The sum ∆α + Σ1α is shown in Fig. 5 for
each single-particle state. The self-energy is calculated
at ωµ = −ǫ˜α. The anti-screening behavior of the corre-
lation energy calculated with C1αβα′β′ is determined by
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FIG. 6. (Color online) Pairing energy as a function of f cal-
culated in the perturbative approaches for 106Sn. The solid
and dotted lines depict the results with and without the self-
energy correction, respectively. The correlation energy cal-
culated using the perturbative expressions for the two-body
correlation matrix Eq. (33) and Eq. (34) are shown with
the green (gray) dashed and dot-dashed lines, respectively.
The pairing energy and correlation energy in ETDHFB are
shown with the upper and lower double dot-dashed lines, re-
spectively.
the self-energy Σ1α of the 1s state. This indicates that
the conditions used to derive Eq. (28) are not fulfilled
for the 1s state.
We also test the pertubative approximations for the
pairing tensor. The dotted and dashed lines in Fig. 4
show the results obtained using Eq. (23) with and with-
out the self-energy correction, respectively. In these cal-
culations the pairing tensor given by Eq. (23) where g′
is used for the higher-order terms (the v2 terms) and the
pairing potential in HFB are used in Eq. (17). Com-
parison of the results shown by the dotted and dashed
lines indicates that the self-energy correction is signifi-
cant and almost cancels the screening effect for the pair-
ing tensor. This strong cancellation is explained by the
facts that the dominant contributions to the sums in Eq.
(23) come from the 1p states because the pairing ten-
sor is the largest for these states and that only the dou-
bly exchanged matrices in the screening term contribute
because of their spin characters of the matrix elements.
As shown in Fig. 4, the pairing energy in ETDHFB is
slightly increased from the HFB value while the perturba-
tive approach (dotted line) gives a slight decrease of the
pairing energy. We found that the coupling to Cαβα′β′
in Gαβγ:α′ is responsible for the slight reduction of the
pairing correlation in ETDHFB.
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FIG. 7. (Color online) Same as Fig. 6 but for 116Sn.
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FIG. 8. (Color online) Same as Fig. 6 but for 126Sn.
B. Tin isotopes
In the case of tin isotopes we first perform the
BCS+HF calculations following the numerical procedure
used in Ref. [23]. The Skyrme III interaction is used to
calculate the single-particle states. For the BCS calcu-
lations of nα and κα we take the neutron single-particle
states, the 1g7/2, 2d5/2, 1h11/2, 3s1/2 and 2d3/2 states. As
the pairing interaction we use v = f0(t0+ t3ρp)δ
3(r−r′)
derived from the Skyrme III force with x0 = 0, where
ρp is the proton density. A reduction factor f0 = 0.55
is used to approximately reproduce the excitation energy
of the first 2+ state in 108Sn in extended RPA [23]. This
interaction is similar to a density-dependent pairing in-
teraction v0(1−ρ/ρ0)δ
3(r−r′), which has often been used
in the HFB and quasi-particle RPA calculations. To sim-
ulate the p-h excitations of the core in the pertubative
calculations of the higher-order effects, we add several
neutron states in the range −20 MeV ≤ ǫα ≤ 1MeV: The
80.0 0.2 0.4 0.6 0.8 1.0
-1.0
-0.9
-0.8
-0.7
-0.6
-0.5
1h
11/2
1g
7/2
2d
5/2
2d
3/2
f
+
[M
eV
]
3s
1/2
FIG. 9. (Color online) Sum ∆α + Σ1α as a function of f for
116Sn. The solid, dashed, dotted, dot-dashed and double dot-
dashed lines depict the results for the 3s1/2, 2d3/2, 2d5/2, 1g7/2
and 1h11/2 states, respectively. The self-energy is calculated
at ωµ = −ǫ˜α.
continuum states are discretized by confining the wave-
functions in a sphere with radius 15 fm [23]. There are
two occupied states, (2p1/2 and 1g9/2) and 1 ∼ 4 unoc-
cupied states (2f7/2, 3p1/2, 3p3/2 and 1h9/2), depending
on the isotope. We use the same pairing interaction in
the perturbative calculations.
The pairing energies calculated in HF+BCS are −2.68
MeV, −4.65 MeV and −4.27 MeV for 106Sn, 116Sn and
126Sn, respectively. These isotopes correspond to the be-
ginning, middle and end of the subshell. The pairing
energies calculated using the perturbative expression for
the pairing tensor Eq. (23) are shown in Figs. 6–8 as
a function of the strength f of the residual interaction:
The pairing interaction v used in the second-order terms
in Eq. (23) is multiplied with an artificial factor f (f = 1
corresponds to the full strength). As is the case of the
trapped fermion system, there is a cancellation between
the screening term and the self-energy term. However,
the perturbative correction to the pairing tensor is quite
small in the case of the tin isotopes. This may be ex-
plained by the fact that the p-h excitation energies in
the tin isotopes normalized by the averaged pairing po-
tential are a few times larger than those in the trapped
fermion systems. The correlation energies calculated us-
ing Eq. (33) (green (gray) dashed line) and Eq. (34)
(green (gray) dot-dashed line) are also shown in Figs.
6–8. The corrections to the total energy from the two-
body correlation matrix are much larger than those from
the pairing tensor. The correlation energies calculated
using Eq. (33) are positive, which means that the pair-
ing correlation is screened by the process given by the
self-energy Σ1α as is shown in Fig. 9, where the sum
∆α +Σ1α is given for each single-particle state of
116Sn.
The self-energy is calculated at ωµ = −ǫ˜α. The results
shown in Fig 9 indicate that the conditions used in the
derivation of Eq. (28) are approximately fulfilled.
In the ETDHFB calculations we use a small single-
particle space consisting of the neutron 1g7/2, 2d5/2,
1h11/2, 3s1/2 and 2d3/2 states because it is hard to calcu-
late the two-body matrices using the same single-particle
space as used in the perturbative calculations. The ET-
DHFB results for the pairing energy (lower double dot-
dashed line) and the correlation energy (upper double
dot-dashed line) are shown in Figs. 6–8 as a function
of f = t/T , where T = 1200 fm/c is used. The pair-
ing energies in ETDHFB are slightly increased from the
perturbative results, indicating the contribution of non-
perturbative effects as is the case of the trapped fermion
system. The correlation energies in ETDHF are similar
to the sum of the perturbative results from Eqs. (33) and
(34) except for 126Sn. In the case of 126Sn the subshell
is almost filled and the p-h excitations are limited within
the small single-particle space used.
IV. SUMMARY
In order to study higher-order effects on the pairing
correlation, we formulated an extended time-dependent
Hartree-Fock-Bogoliubov theory (ETDHFB) using a
truncation scheme of the time-dependent density ma-
trix theory. This approach allows us to calculate the
pairing tensor and the two-body correlation matrix in a
non-perturbative way and it also is used to derive their
perturbative expressions. We showed that the perturba-
tive expression for the two-body correlation matrix which
contains the pairing tensor has a direct connection to
other approaches used in the study of the screening ef-
fect of the pairing correlation. We tested ETDHFB for
fermions trapped in a harmonic potential where compar-
ison with the exact solution could be made and obtained
reasonable agreement with the exact solutions. We ap-
plied the pertubative expressions to the trapped fermion
system and the tin isotopes, and compared with the re-
sults in ETDHFB. It was found that for the systems con-
sidered, the perturbative correction to the pairing energy
is small both in the trapped fermion system and tin iso-
topes, whereas ETDHFB always gives a slight increase
of the pairing energy, indicating the importance of non-
perturbative effects. It was found that the perturbative
correction to the correlation energy expressed by the pair-
ing tensor shows a screening effect in the case of the tin
isotopes. It was also found that the perturbative cor-
rections to the correlation energy supplemented by the
contribution of two particle - two hole excitations are
similar to the results from full ETDHFB. The results of
our calculations indicate that the screening correction to
the results in HFB or BCS+HF is at most a few ten per-
cent in the case of small finite systems considered here,
although more quantitative analysis using larger single-
particle space is required.
9Appendix A
We present the terms in the equations of motion for
Cαβα′β′ and Kαβγ:α′ . Since decomposition of higher-
order density matrices to lower-order ones involves vari-
ous combinations due to the fact that the total wavefunc-
tion is not an eigenstate of the number operator, these
equations contain many terms. We try to explain the
meanings of each term as clearly as possible.
1.
The terms in Eq. (7) are given below. Bαβα′β′ de-
scribes the 2p-2h and 2h-2p excitations as in TDDM [14].
Bαβα′β′ =
∑
λ1λ2λ3λ4
〈λ1λ2|v|λ3λ4〉A
× [(δαλ1 − nαλ1)(δβλ2 − nβλ2)nλ3α′nλ4β′
− nαλ1nβλ2(δλ3α′ − nλ3α′)(δλ4β′ − nλ4β′)].
(A1)
Particle - particle and h-h correlations which are not in-
cluded in the pairing tensor are described by Pαβα′β′
Pαβα′β′ =
∑
λ1λ2λ3λ4
〈λ1λ2|v|λ3λ4〉
× [(δαλ1δβλ2 − δαλ1nβλ2 − nαλ1δβλ2)Cλ3λ4α′β′
− (δλ3α′δλ4β′ − δλ3α′nλ4β′ − nλ3α′δλ4β′)Cαβλ1λ2 ].
(A2)
Hαβα′β′ describes p-h correlations.
Hαβα′β′ =
∑
λ1λ2λ3λ4
〈λ1λ2|v|λ3λ4〉A
× [δαλ1(nλ3α′Cλ4βλ2β′ − nλ3β′Cλ4βλ2α′)
+ δβλ2(nλ4β′Cλ3αλ1α′ − nλ4α′Cλ3αλ1β′)
− δα′λ3(nαλ1Cλ4βλ2β′ − nβλ1Cλ4αλ2β′)
− δβ′λ4(nβλ2Cλ3αλ1α′ − nαλ2Cλ3βλ1α′)].
(A3)
The coupling to the pairing tensor is given by Sαβα′β′ .
Sαβα′β′ =
∑
λ1λ2λ3λ4
〈λ1λ2|v|λ3λ4〉A
× [δαλ1(nλ3α′κλ4βκ
∗
λ2β′ − nλ3β′κλ4βκ
∗
λ2α′)
+ δβλ2(nλ4β′κλ3ακ
∗
λ1α′ − nλ4α′κλ3ακ
∗
λ1β′)
− δα′λ3(nαλ1κλ4βκ
∗
λ2β′ − nβλ1κλ4ακ
∗
λ2β′)
− δβ′λ4(nβλ2κλ3ακ
∗
λ1α′ − nαλ2κλ3βκ
∗
λ1α′)].
(A4)
From the decomposition
〈Φ(t)|a†α′a
†
β′a
†
γ′aγaβaα|Φ(t)〉
= 〈Φ(t)|a†α′a
†
β′ |Φ(t)〉〈Φ(t)|a
†
γ′aγaβaα|Φ(t)〉
+ · · (A5)
we obtain Tαβα′β′ which expresses the coupling to
Kαβγ:α′:
Tαβα′β′ =
∑
λ
(∆αλK
∗
λβ′α′:β −∆βλK
∗
λβ′α′:α
− ∆∗α′λKαβλ:β′ +∆
∗
β′λKαβλ:α′)
+
1
2
∑
λ1λ2λ3λ4
〈λ1λ2|v|λ3λ4〉A
× [δαλ1(2κβλ4K
∗
β′λ2α′:λ3 + κ
∗
β′λ2Kβλ4λ3:α′
− κ∗α′λ2Kβλ4λ3:β′)
− δβλ1(2καλ4K
∗
β′λ2α′:λ3 + κ
∗
β′λ2Kαλ4λ3:α′
− κ∗α′λ2Kαλ4λ3:β′)
− δα′λ3(2κ
∗
λ2β′Kαλ4β:λ1 + καλ4K
∗
λ1λ2β′:β
− κβλ4K
∗
λ1λ2β′:α)
+ δβ′λ3(2κ
∗
λ2α′Kαλ4β:λ1 + καλ4K
∗
λ1λ2α′:β
− κβλ4K
∗
λ1λ2α′:α)]. (A6)
The terms in the first sum describe the coupling to the
pairing potential. Since the terms in the second sum
contain both p-p (and h-h) and p-h correlations, they
may describe corrections to Pαβα′β′ and Hαβα′β′ . In the
derivation of Eq. (7) we neglected the genuine three-
body density matrix 〈Φ(t)|a†α′a
†
β′a
†
γ′aγaβaα|Φ(t)〉 as in
TDDM.
2.
The terms in Eq. (9) are given below. Dαβγ:α′ de-
scribes the coupling to one pairing tensor
Dαβγ:α′ = −
∑
λ1λ2
(〈αβ|v|λ1λ2〉Aκγλ2 + 〈βγ|v|λ1λ2〉Aκαλ2
− 〈αγ|v|λ1λ2〉Aκβλ2)nλ1α′
+
∑
λ1λ2λ3
[〈αλ1|v|λ2λ3〉A(nβλ1κγλ3 − nγλ1κβλ3)
+ 〈βλ1|v|λ2λ3〉A(nγλ1καλ3 − nαλ1κγλ3)
+ 〈γλ1|v|λ2λ3〉A(nαλ1κβλ3 − nβλ1καλ3)]nλ2α′
+
∑
λ1λ2λ3
〈λ1λ2|v|α
′λ3〉A
× (nαλ1nγλ2κβλ3 − nβλ1nγλ2καλ3
− nαλ1nβλ2κγλ3). (A7)
The terms in the first sum originate from the decompo-
sition
〈Φ(t)|a†α′aγaβaα|Φ(t)〉
= 〈Φ(t)|a†α′aγ |Φ(t)〉〈Φ(t)|aβaα|Φ(t)〉
+ · ·, (A8)
whereas those in the second and third sums from
〈Φ(t)|a†α′a
†
β′aδaγaβaα|Φ(t)〉
= 〈Φ(t)|a†α′aα|Φ(t)〉〈Φ(t)|a
†
β′aδ|Φ(t)〉
× 〈Φ(t)|aγaβ |Φ(t)〉+ · · . (A9)
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The perturbative expression for the pairing tensor Eq.
(23) is obtained from the first term and Dαβγ:α′ in Eq.
(9). From the decomposition of the matrix
〈Φ(t)|a†α′a
†
β′aδaγaβaα|Φ(t)〉
= 〈Φ(t)|a†α′a
†
β′ |Φ(t)〉〈Φ(t)|aδaγ |Φ(t)〉
× 〈Φ(t)|aβaα|Φ(t)〉 + · ·, (A10)
we also obtain the coupling to three paring tensors given
by Eαβγ:α′ ,
Eαβγ:α′ = −
∑
λ1λ2λ3
(〈αλ1|v|λ2λ3〉Aκβλ2κγλ3
− 〈βλ1|v|λ2λ3〉Aκαλ2κγλ3
+ 〈γλ1|v|λ2λ3〉Aκαλ2κβλ3)κ
∗
α′λ1 . (A11)
These terms express the modification of the two-particle
propagator due to the pairing correlations with other par-
ticles. The terms in Fαβγ:α′ are from
〈Φ(t)|a†α′a
†
β′aδaγaβaα|Φ(t)〉
= 〈Φ(t)|a†α′aα|Φ(t)〉〈Φ(t)|a
†
β′aδaγaβ |Φ(t)〉
+ · · (A12)
and describe correlations among Kαβγ:α′:
Fαβγ:α′ =
1
2
∑
λ1λ2λ3λ4
〈λ1λ2|v|λ3λ4〉A
× [(δαλ1δβλ2 − δαλ1nβλ2 − δβλ2nαλ1)Kγλ3λ4:α′
+ (δβλ1δγλ2 − δβλ1nγλ2 − δγλ2nβλ1)Kαλ3λ4:α′
− (δαλ1δγλ2 − δαλ1nγλ2 − δγλ2nαλ1)Kβλ3λ4:α′ ]
+
∑
λ1λ2λ3λ4
〈λ1λ2|v|λ3λ4〉A
× [
1
2
(δαλ1Kβγλ3:λ2 − δβλ1Kαγλ3:λ2
+ δγλ1Kαβλ3:λ2)nλ4α′
+ δλ3α′(nγλ2Kαβλ4:λ1 − nβλ2Kαγλ4:λ1
− nαλ2Kγβλ4:λ1)]. (A13)
The terms in the first sum describe p-p correlations while
those in the second sum p-h correlations. The terms in
Gαβγ:α′ come from
〈Φ(t)|a†α′a
†
β′aδaγaβaα|Φ(t)〉
= 〈Φ(t)|aδaγ |Φ(t)〉〈Φ(t)|a
†
α′a
†
β′aβaα|Φ(t)〉
+ · · : (A14)
Gαβγ:α′ =
∑
λ
(∆αλCβγα′λ −∆βλCαγα′λ +∆γλCαβα′λ)
−
∑
λ1λ2λ3λ4
〈λ1λ2|v|λ3λ4〉A
× [(δαλ1κβλ3 − δβλ1καλ3)Cγλ4α′λ2)
+ (δβλ1κγλ3 − δγλ1κβλ3)Cαλ4α′λ2)
− (δαλ1κγλ3 − δγλ1καλ3)Cβλ4α′λ2)]. (A15)
These terms describe the coupling to Cαβα′β′ . In
the above derivation of Eq. (9) the genuine
correlated matrices 〈Φ(t)|a†α′a
†
β′aδaγaβaα|Φ(t)〉 and
〈Φ(t)|aδaγaβaα|Φ(t)〉 are neglected.
Appendix B
We consider the Gorkov Green’s function
Gαβ(t, t
′) =
(
Gαβ(t, t
′) Fαβ(t, t
′)
−F ∗αβ(t, t
′) −G∗αβ(t, t
′)
)
, (B1)
where iGαβ(t, t
′) = 〈0|T (aα(t)a
†
β(t
′))|0〉 and
iFαβ(t, t
′) = 〈0|T (aα(t)aβ(t
′))|0〉 with aα(t) =
exp[i(H − µNˆ)t/~]aα exp[−i(H − µNˆ)t/~]. The
Green’s functions are written in terms of the transition
amplitudes xµα = 〈µ|aα|0〉 and y
µ
α = 〈µ|a
†
α|0〉 as
iGαβ(t, t
′) = θ(t− t′)〈0|aα(t)a
†
β(t
′)|0〉
− θ(t′ − t)〈0|a†β(t
′)aα(t)|0〉
=
∑
µ
[θ(t− t′)〈0|aα|µ〉〈µ|a
†
β |0〉
× e−iωµ(t−t
′)/~
− θ(t′ − t)〈0|a†β |µ〉〈µ|aα|0〉
× e−iωµ(t
′−t)/~]
=
∑
µ
[θ(t− t′)(yµα)
∗yµβe
−iωµ(t−t
′)/~
− θ(t′ − t)(xµβ)
∗xµαe
−iωµ(t
′−t)/~], (B2)
iFαβ(t, t
′) = θ(t− t′)〈0|aα(t)aβ(t
′)|0〉
− θ(t′ − t)〈0|aβ(t
′)aα(t)|0〉
=
∑
µ
[θ(t− t′)〈0|aα|µ〉〈µ|aβ |0〉
× e−iωµ(t−t
′)/~
− θ(t′ − t)〈0|aβ |µ〉〈µ|aα|0〉
× e−iωµ(t
′−t)/~]
=
∑
µ
[θ(t− t′)(yµα)
∗xµβe
−iωµ(t−t
′)/~
− θ(t′ − t)(yµβ )
∗xµαe
−iωµ(t
′−t)/~]. (B3)
The equations of motion for the Green’s functions can be
formulated using the equations of motion for the transi-
tion amplitudes xµα and y
µ
α [24]. First we derive the per-
turbative expressions for the self-energies of the Green’s
function Gαβ(t, t
′) which are related to corrections to the
pairing potential and the mean-field potential. The equa-
tion motion for xµα is written as
ωµx
µ
α = 〈µ|[H − µNˆ, aα]|0〉
= −ǫ˜αx
µ
α −∆αy
µ
α¯
−
1
2
∑
λ1λ2λ3
〈αλ1|v|λ2λ3〉AX
µ
λ2λ3:λ1
, (B4)
11
where Xµαβ:α′ = 〈µ|a
†
α′aβaα|0〉. We assume that ǫαα′ =
ǫαδαα′ , nαα′ = nαδαα′ and ∆αβ = ∆αδβα¯. The equation
of motion for Xµαβ:α′ contains the terms proportional to
yµα and x
µ
α
ωµX
µ
αβ:α′ = 〈µ|[H − µNˆ, a
†
α′aβaα]|0〉
= (ǫ˜α′ − ǫ˜α − ǫ˜β)X
µ
αβ:α′
+
∑
λ
[〈λα|v|α′β¯〉A(nα − nα′)κβ
− 〈λβ|v|α′α¯〉A(nβ − nα′)κα]y
µ
λ
+
∑
λ
〈αβ|v|α′λ〉A(n¯αn¯βnα′ + nαnβn¯α′)x
µ
λ
+ more terms with Xµαβ:α′ . (B5)
Inserting Xµαβ:α′ into Eq. (B4), we obtain
ωµx
µ
α = −ǫ˜αx
µ
α −∆αy
µ
α¯
−
∑
λλ1λ2λ3
[〈αλ1|v|λ2λ3〉A
nλ3 − nλ1
ωµ + ǫ˜λ2 + ǫ˜λ3 − ǫ˜λ1
× 〈λλ3|v|λ¯2λ1〉Aκλ2 ]y
µ
λ
+
1
2
∑
λλ1λ2λ3
[〈αλ1|v|λ2λ3〉A
n¯λ2 n¯λ3nλ1 + nλ2nλ3 n¯λ1
ωµ + ǫ˜λ2 + ǫ˜λ3 − ǫ˜λ1
× 〈λ2λ3|v|λλ1〉A]x
µ
λ. (B6)
The third term is the perturbative expression of the self-
energy describing a correction to the pairing potential ∆α
and the last term a correction to the mean-field potential.
The diagonal part of the third term Σ1α is given as
Σ1α =
∑
λλ1λ2λ3
〈αλ1|v|λ2λ3〉A
×
nλ3 − nλ1
ωµ + ǫ˜λ2 + ǫ˜λ3 − ǫ˜λ1
〈α¯λ3|v|λ¯2λ1〉Aκλ2 . (B7)
Similarly, the self-energy Σ2α for the last term of Eq.
(B6) is given by
Σ2α = −
1
2
∑
λλ1λ2λ3
〈αλ1|v|λ2λ3〉A
n¯λ2 n¯λ3nλ1 + nλ2nλ3 n¯λ1
ωµ + ǫ˜λ2 + ǫ˜λ3 − ǫ˜λ1
× 〈λ2λ3|v|αλ1〉A. (B8)
Next we show that the equation for the pairing tensor
(Eq. (8)) is derived from that for Fαβ(t, t
′). This is
because the pairing tensor is given as the equal-time limit
of Fαβ(t, t
′) as
lim
t′→t+0
(−i)Fαβ(t, t
′) = καβ =
∑
µ
(yµβ)
∗xµα. (B9)
The equation motion for yµα is written as
ωµy
µ
α = 〈µ|[H − µNˆ, a
†
α]|0〉
= ǫ˜αy
µ
α +∆
∗
αx
µ
α¯
+
1
2
∑
λ1λ2λ3
〈λ1λ2|v|αλ3〉AY
µ
λ3:λ1λ2
, (B10)
where Y µα′:αβ = 〈µ|a
†
αa
†
βaα′ |0〉. Using Eq. (B4) and the
complex conjugate of Eq. (B10) (we assume ωµ is real),
we calculate
∑
µ[ωµ(y
µ
α¯)
∗xµα − (y
µ
α¯)
∗ωµx
µ
α] and obtain
0 = 2ǫ˜α
∑
µ
(yµα¯)
∗xµα +∆α
∑
µ
(yµα¯)
∗yµα¯
− ∆α
∑
µ
(xµα)
∗xµα +
1
2
∑
λ1λ2λ3
〈αλ1|v|λ2λ3〉A
×
∑
µ
(yµα¯)
∗Xµλ2λ3:λ1
+
1
2
∑
λ1λ2λ3
〈α¯λ1|v|λ2λ3〉A
×
∑
µ
(Y µλ1 :λ2λ3)
∗xµα. (B11)
When the following replacements,
∑
µ(y
µ
α¯)
∗xµα = κα,∑
µ(y
µ
α¯)
∗yµα¯ = 1 − nα,
∑
µ(x
µ
α)
∗xµα = nα, and∑
µ(y
µ
α¯)
∗Xµλ2λ3:λ1 = −
∑
µ(Y
µ
λ1:λ2λ3
)∗xµα = −Kαλ2λ3:λ1
are made, the above equation is of the same form as
Eq. (8) for a stationary solution. From the equations
of motion for xµα, y
µ
α, X
µ
αβ:α′ and Y
µ
α′:αβ, we can de-
rive the pertubative expression for κα (Eq. (20)). Let
us discuss this point in some more detail. Considering∑
µ[ωµ(y
µ
γ )
∗Xµαβ:α′ − (y
µ
γ )
∗ωµX
µ
αβ:α′ ], we show that the
term
∑
µ(y
µ
γ )
∗Xµαβ:α on the right-hand side of Eq. (B11)
is reduced to −Kαβγ:α′ given in Eq. (19). From the
equations of motion for yµγ and X
µ
αβ:α′ we obtain
0 = (ǫ˜α + ǫ˜β + ǫ˜γ − ǫ˜α′)
∑
µ
(yµγ )
∗Xµαβ:α′
−
∑
µλ
[〈λα|v|α′β¯〉A(nα − nα′)κβ
− 〈λβ|v|α′α¯〉A(nβ − nα′)κα](y
µ
γ )
∗yµλ
−
∑
µλ
〈αβ|v|α′λ〉A(n¯αn¯βnα′ + nαnβn¯α′)(y
µ
γ )
∗xµλ
+
1
2
∑
µλ1λ2λ3
〈γλ3|v|λ1λ2〉A(Y
µ
λ3:λ1λ2
)∗Xµαβ:α′ . (B12)
If we use
∑
µ(y
µ
β)
∗xµα = δβα¯κα,
∑
µ(y
µ
α)
∗yµβ = δαβ(1−nα)
and the additional relation∑
µ
(Y µα′:αβ)
∗Xµσρ:σ′ =
∑
µ
〈0|a†α′aβaα|µ〉〈µ|a
†
σ′aρaσ|0〉
≈ δσ′α(δσβ¯δρα′ − δρβ¯δσα′)n¯αnα′κβ
− δσ′β(δσα¯δρα′ − δρα¯δσα′ )n¯βnα′κα,
(B13)
the right-hand side of Eq. (B12) becomes that of Eq.
(19). In a similar way it can be shown that the sum∑
µ(Y
µ
λ1:λ2λ3
)∗xµα on the right-hand side of Eq. (B11)
becomes Kαλ2λ3:λ1 given by Eq. (19). The equations
for nαα′ and Cαβα′β′ are also related to those for x
µ
α, y
µ
α,
Xµαβ:α′ and Y
µ
α′:αβ .
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